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Abstract—Numerical solutions are obtained for steady-state and transient behavior in. countercurrent
heat exchangers with short contact time. For the steady-state solution, two simplified velocity profiles are
used: plug flow and a linear velocity profile. The resuits are compared to the classical solution of using
addition of resistances, where either the wall temperature or the wall heat flux is assumed to be constant.

The transient problem resulting from a flow rate change in one of the streams is solved assuming plug
flow and a series approximation for the wall temperature. This is compared to a simplified model using an
average wall temperature independent of position but varying with time. Overshoots in the average wall flux
are found to occur in both models when the ratio of the velocity of the perturbed stream to the velocity of

the other stream is greater than one.

NOMENCLATURE .
u, velocity;
A = P1Cp1“1k2, for plug flow; U, overall heat-transfer coefficient;
P2C U2k, W, expansion function in equation (23);
21C, Sk, . . x,  axial distance;
= —.--—_pzczszkl, for linear velocity pro- y,  distance from wall
files;
B = u,/uy, for plug flow; Greek symbols "
B, = 8§,/8,, for linear velocity; B = (ML);
C,, heat capacity; p2Cp,ak,
h,, heat-transfer coefficient for stream one, _ p:1C,,S1ki *
= g/T, — Ty P T \eC,8K)
h,, heat-transfer coefficient for stream two, 0.C, u\*
=q/T, - T,); n, = (—ﬁ—) y, for plug flow;
k,  thermal conductivity; Cl' o3
L, length of heat exchanger; [ P1Yp0y . . _
p,  Laplace transform variable related to 1; o= ( kL ) , for linear velocity pro
g, heat flux at wall, = —kdT/dy|,-,; file;
@, dimensionless heat flux at wall, = 0, =(T-TAT, - T);
—06/0n| =0 8, =TAT,—T);
Q. perturbation of heat flux from steady ¢ =x/L;
state, = —d0,,/01|,=0; p,  fluid density;
s,  Laplace transform variable related to ¢; T,  tu,/L;
S, slope of velocity at the wall, = du/dy|, - ,; ¥, time dependence in transient tempera-
t, time; ture expansion.
T, temperature;
T, perturbation of temperature from steady  Subscripts
state; 0, initial conditions;
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1, stream one;
2, stream two;
i, inlet condition of stream one;
L, inlet condition of stream two;
t,  transient dependence;
T, constant wall temperature;
0O, constant wall heat flux;
w, wall conditions.
Superscripts
—, average value over length of heat ex-
changer ;

A, Laplace transform.

INTRODUCTION

IN THE design or analysis of cocurrent or
countercurrent heat exchangers the overall heat-
transfer coefficient U is usually used where U
is defined by

t 1 1

U h * hy 1)
The individual heat-transfer coefficients h, and
h, are assumed to be independent of each other;
each of the coefficients h, and h, is assumed to
be that which would arise with a known wall
temperature or heat flux in the absence of the
other stream.

A more exact method of analysing heat ex-
changers with countercurrent or cocurrent flow
is to simultaneously solve the governing energy
equations for the two streams. The heat flux
between the fluids is equated at each point
along the surface. The temperatures of the two
streams are also related at the surface and are
equal if the resistance of the surface is neglected.
Several analyses of steady-state heat transfer
have been made using this approach. Nunge and
Gill [1, 2] and Stein [3-5] have recently con-
sidered heat transfer between fully-developed
countercurrent flows. Solutions were obtained
in terms of a series of orthogonal functions; the
solutions are interesting extensions of the Graetz
problem. A detailed discussion of the mathe-
matics used in analyses of cocurrent and
countercurrent flow heat transfer is presented
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by Blanco and Gill [6]; extensions are also
made to the multistream problem and to
turbulent flow. Axial conduction in the fluid
streams is considered by Nunge, Porta and Gill
[7]. Countercurrent flow with a short contact
time of a laminar and turbulent stream has been
considered by Lightfoot [8]. A constant local
heat-transfer coefficient was used for the turbu-
lent fluid. King [9] has treated transport in
laminar countercurrent flow with short contact
time. Two models were used : one stream was in
plug flow and the second in plug flow or having
laminar boundary-layer behavior. The heat flux
between the two streams is greater than that
obtained from equation (1) where h; and h, are
based on a uniform temperature wall. Transport
between two cocurrent streams has also been
considered by Stein [3, 10, 11] with the use of
an orthogonal series expansion.

The rate of transport between countercurrent
or cocurrent streams and the errors which would
arise from the use of equation (1) can thus be
predicted in certain steady-state situations.
Consideration is given here to the transient case
for which previous studies have been made using
equation (1), e.g. [12, 13]. The velocity of one
of the streams will undergo a step change and
the response of the system determined. The
energy equations for the two streams, along with
the boundary conditions equating the wall
temperatures and heat fluxes of the two streams,
are solved. The results will then be compared to
a simpler model which assumes that the wall
temperature is independent of position. This
comparison is analogous to the comparison of
the calculated steady-state solution with the
steady-state solution found by assuming a
constant wall temperature, ie. by employing
equation (1). In order to simplify the computa-
tion, a plug flow velocity profile is assumed for
both streams. It is further assumed that the
contact time is short so that temperature
changes propagate only a short distance into
either stream so that boundary conditions at
infinity may be employed. Since the plug flow
model is used in the transient analysis, it was
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desired to first make further comparisons of the
steady-state results using a plug flow model to
results found by employing a more realistic
velocity profile. Steady-state calculations are
therefore made using a linear velocity profile for
each fluid. The heat flux predicted by the linear
velocity profile model lies between that pre-
dicted from the plug flow model and that
predicted from the use of an overall heat-
transfer coefficient from equation (1). King’s
results [9] obtained for a plug flow in one
stream and boundary-layer behavior in the
second stream also lie between the results for
plug flow and from the use of an overall heat-
transfer coefficient. Since these latter two models
predict steady-state heat fluxes which bracket
that predicted from more realistic models, it is
felt that their use in the transient analysis should
give satisfactory results.

MATHEMATICAL MODELS

Two models are considered ; the fluid velocity
is modeled by a plug flow and by a linear
velocity profile as shown in Fig. 1 and Fig. 2
respectively. It is assumed in both models that
the fluid velocity is fully developed, axial con-
duction and viscous dissipation are negligible,
the fluid properties are constant, the contact
time is short so that the temperature variations
are confined to a region close to the wall
separating the two streams, and that there is no
resistance to heat transfer in the wall. Under
these conditions, the dimensionless equations
governing the two streams are:

00, a0, 0%,
7T E T
’ ! @
w0, o, _ o,
ot o0& on?
for plug Now, and

(’)01 691 6201
T T on?

602 602 8%,

=4 2

85 an

for the linear velocxty profile.
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FiG. 1. Plug flow model.

Streom |
A
‘ Vs
Stream 2
FIG. 2. Linear velocity profile model.

Steady state

For steady state, the transient terms are zero
and the boundary conditions for both flow
models are:

E=0, 0, =0,7>0

E=1, 0,=1,n<0

n= oo, 0, =0

n=—o, 6,=1 4

11=0,01=02=0w,k1%%1=k2%%2,
O0<é< 1.

Taking the Laplace transform of equations (2)
and (3) with respect to £ and ¢’ yields:

. d% d2@,
5O, = W;’ =A—> e (5)
for plug flow, and
~ d2f d20’
0 — 1 / 19/ _
sy = 7 Agi  ©

for the linear velocity profile. The primed
quantities are:

F=1-¢
9/=1—9 7
n=-n

s' = Laplace transform variable for &'.

The equations (5) or (6) are subject to the bound-
ary conditions 8,(c0) = 85(cc) = 0. Neither the
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temperature nor the heat flux is known at the
surface between the two streams. However, let
8.8 (as yet unknown) be the surface tem-
perature. The boundary conditions for (5) or (6)
at the surface are then

6,000=4, (8)
850) = 0., 9

Solutions can then be found to (5) or (6) in
terms of the transformed wall temperature. The
inverse transforms are then taken yielding the
temperature field in terms of 6,(¢). Thus the
gradient of the temperature at the surface can
be obtained. For the plug flow, there is

a0, 6,0%)y 1 j‘ 1 da,
| =yt _ —dA (10
a’? 7=0 (75&5)} (7!))' J. (f —11)% di ( )
and

-
k80, _1[1-6,47) 1
kx N e 0 ﬁ il — &F  nt

4

1 4o,
(ﬂ»—-é)*dld{l (1

with similar equations for the linear velocity
profile. The heat fluxes at the surface for the
two streams are then equated for O0< &<,
yielding

0,(0%) 1 de,
a7t j o
0.(1°) 1 do,
23[(1%)* +j(z 5% i d’q 12
[4

for plug flow. In a similar manner there is for
the linear velocity profile

G
6.(0%) 1 do,
T J = a1

y

11 - 6,(17) 1 de,
';[(1-:)* + J(k g dit] (13)
[3
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The interval 0 < ¢ < 1 is then divided into N
points and d@,/dA is approximated by a differ-
ence between consecutive points. Equations (12)
and (13) yield N algebraic equations since the
heat fluxes of the two streams must be equal at
all N points. For example, equation (12)
becomes:

i+ 1

w(n Ywin=1) + ﬂz [Gw(]-i-l) - GW(JJ J-
1+1 -

&
N1

S Z
G- L
w(j+1) W(;I di 14
"[ Eor gji( imgr Y

wheren=1,2,...,N.
There is a similar expression for equation (13).
The resulting equations were solved on the
IBM 7094 computer.

Convergence was checked by breaking the
interval into 101 points and 50 points, where
the 50 point approximation was formed by
using the second, fourth, sixth, etc., points of
the 100 point approximation. The spacing was
unequal, being much closer together near the
ends to account for rapid changes in the wall
temperature. In the numerical calculations, for
the 101 point case, £, = 1:5 x 107 In com-
paring the 101 point case to the 50 point case,
it was found that 8, varied by less than one
per cent over the range 0-005 < ¢ < 0:995.

No assumption was made on the surface
temperatures at £ = 0 and ¢ = 1. However, the
results of the computations showed that §,,— 0
as¢ —»0and 8, — 1 as & — 1. This was checked
by repeating the calculations assuming that
0,.(0) = 0 and 8,(1) = 1; this had no effect on
the results.

The local wall temperatures for the two
models are compared in Fig. 3 for f =y = 10.
It is noted that f =7y =1 can represent the
case in which the two streams are the same
fluid at the same velocities. If § or y is greater
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low since the model allows for greater con-
vection near the wall.

The local wall heat flux for plug flow is
obtained from (10). The local and average heat-
transfer coefficients obtained were then com-
pared to that calculated from equation (1);
the individual coefficients h, and h, were ob-
tained either by assuming a constant wall
temperature or a constant wall heat flux. The
average heat-transfer coefficients used for com-
parison are denoted by Uy and U, respectively.
The ratios of the local overall heat-transfer
coefficients for the two models to U are shown
in Fig. 4 for =y = 1. The average overall
coefficients for the two models are shown in
Fig. 5 as functions of  and y. Comparisons to

F1G. 3. Local wall temperature comparison, =1, y = 1.

1-20

than one, stream one has a higher velocity, heat
capacity or conductivity. The wall temperature 1416
near the entrance region increases or decreases
less rapidly with distance in the case of plug

QI,S
230~
1-08
1-04
1-90
100 l L1 L
01 02 05 ] 2 5 10
B.y
FiG. 5. Average overall heat-transfer coefficients normalized
with respect to U .
aps "9

U, were made but are not shown. The heat-

Plug transfer coefficients for both models are always
higher than Uy and lower than U,. The co-

efficient predicted from the linear velocity

profile shows less deviation from U, and U,

Linear than that predicted from the plug flow model
for all values of § and y. The plug flow model

. | | | 1 | has been treated previously by King [9] by an
0 02 o, 08 o8 10 iterative scheme. The results were duplicated in
order to check the method described above.

FiG. 4. Comparison of overall heat-transfer coefficients, )
B=17y=1. Complete agreement was obtained.

10
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TRANSIENT BEHAVIOR

Mathematical approach

Consideration is now given to the transient
behavior. The system is initially at some steady
state which is described and analyzed above. At
time 7 = 0 a change is made in the velocity of
stream one; the velocity of stream two is not
changed. The inlet temperatures of the two
streams also are unchanged. Since the relative
velocities have been altered, the temperatures
and the heat flux at the surface will be perturbed
and will decay to some new steady state. For
ease of analysis, only plug flow velocity profiles
are considered. The velocity of stream one
changes instantaneously from u,, to u, causing
a change in temperature from 6, to 0, j = 1
or 2. The substitution 8; = 8, + 0, is made
where 6 is the perturbation away from the
initial steady-state temperature. The energy
equation (2) then becomes

06y, 0040 63,,w52910 6291:
o T T s e T 19
g _ 020 _ 30 _ ,[0%03 @%]
ot 0F & om* o)
(15b)

The independent variable n and the parameter
A in (15a) and (15b) are defined in terms of u,,
where u, is the velocity to which stream one is
perturbed. Before the perturbation of the velo-
city of stream one, the system was at some
initial steady state. The equations governing
this initial steady state are

10 910 _ %10

8 070,
e = A (15d)

The factor u;/u;, arises since the velocity of
stream one at the initial steady state was u,,
whereas n and A are now defined in terms of u,.
Subtracting (15¢) and (15d) from (15a) and (15b)
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respectively then yields

00, 06, 0%, Uig 001,
— = — — 1} == 1
P TE A e 168
30y, 0, 0%y
e =A h "= 1= &
o + P B where ¢’ =1 — ¢
(16b)
The boundary and initial conditions are:
‘ESO, 013=02t$0
6 = 03 6]: = O, n > 0
=0 6,=0 #n<0
n=o0, 0,=0; n=—00, 0,=0 (17
0
n =0, 61t=02t'“":9w1; kl‘é‘é“t
on

The Laplace transforms of equations (16a)
and (16b) with respect to 7 and ¢ and 7 and &
respectively are

s a0 d%
POy, + 50y = =" + (m -

S A
1} -6 1
dn? " )p 10- (18a)

and

where

- A H ¥
b0 = t,0exp [“ (ﬁo S) ’7]-
1

The transform variables for t, & and & are
p. s, and s respectively. Equations (18a) and
{18b) can now be solved with the aid of the
boundary conditions (17) to give the wall heat
flux in terms of the yet unknown wall tem-
perature 8,,,:

- = éwt(s + P}}
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Uy | Uso Hla t 1 —st -9
Uy Uy mHr — C)} B
’ P [P + SQ B 11.9)] o S\ s\ a8,
“ () e [G) -0l Fa e

dé't 2 [Bp+ sy
2 = 8, (Z22) ), (195)  The inverses of equations (20a) and (20b) are
dn | 4=0 A
where @' (1,&) = 0(t,1 — &). W\ fu Nk 1
The inverse of equations (19a) and (19b) with é‘ o (1 - -—39) (%
respect to p are: et - VAN VAR TP
] "m0 2n?
. H o[- e~ i o (21a)
A i i wt
on | 4= (r — O + n*fJK‘(T LE-A acaidldé',)
b et 11| 80 °°
+ sterf[s¥(r — O)*] ¥a Xdar
. _ k3 90y,
4 1 “::;0/“1)[3?:0 {exp(— s0) k, on lq=o
0 — K -¢, ' Ar
x [1—(als “10/“1)'} exp (s u;0/u,) B"}.([.[ Ar =G4 )
X erfc (gs uIO/ul)i]} dC5 (203) 6281
A de, 21b
T on n=0 T (Z) where:
rﬂé"ﬂl
- 1 B0 gaag, <t
U 12 dA
(E-2-0+ u—C
1
e =432 " i : (222)
= : — Buo 4307, ©> ¢
Uy dA
E-A-0+—¢
L4 J — ul
Lo 0 _ 1 -
m’ 0<i<é—1+¢
J 1 é > T -~ C
K(t~-{¢-4)= m, E—t+ (<A< (22b)
1
¥m’ nggé’ EST'—Ca
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[ B
(t =¥

Kt —0&=-M={ |
E= 7P
1

@ -k

(¢ -
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;<£/_<T;C)

(22c)

It has been assumed in the above that
8,40) = 6,,(1) = 0. The steady-state numerical
results indicate that this is true.

The wall temperature, 6,,, is approximated
by the series

Oz Y

W& ¥il7) (23)
where the W(&) are chosen to satisfy the bound-
ary conditions. There are now m unknowns,
namely Y1), k =1, 2, ...m. To generate m
equations, equations (21a) and (21b) are multi-
plied by the weighting function &,1=0,1,...,
m — 1, and integrated over ¢ from O to 1.
The resulting integrals from the right hand side
of (21a) and (21b) are equated for each value of L.
The resulting system of equations is:

e

I=01,...,

(24)
m— 1.

1.Z
1 , dw, i
+Efj(l — é)‘K2 ar dldfjl
00
dy,
‘dzdf}

where W'(&') = W(1 — &)
To solve equation (24), the interval (0,71) is

broken into a number of points and dy,/d{ is
approximated by a difference. The solution then
requires solving an m by m matrix at each time
step. The average flux is given by:

0.,(1) = Quo +

ZJ{H o W el

where Q,, is obtained from the steady-state
solution. Numerical solutions to (24) were
carried out with one, two and three term ex-
pansions. The expansion functions chosen were
Wi(6) = L1 — &), Wy(¢) = &1 ~ &), and
Wy(&) = &1 — &)*. The fourth powers were
used since the steady-state results indicate that
the surface temperature depends strongly on
¢ near £ =0 and & = 1. Since the series (23)
had to be truncated after only three terms
because of the complexity of the equations,
the results are approximate. However, a com-
parison of the results obtained from (25) using
one, two and three terms indicates that the
solution converges toward some result [14].
This comparison is discussed below. There is
also a second indication that these approximate
solutions are reasonable; the average flux
reached at large time was independently cal-
culated using the methods discussed above for
the steady state. The final average flux reached
by the transient solution was then compared to
the accurate steady-state result. Agreement was
good as noted below.

L

a (25)
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A comparison in the steady-state case is
made in Figs. 4 and 5 between the calculated
heat flux and the heat flux found using an
overall heat-transfer coefficient from equation
(1) in which the individual coefficients are those
for a constant temperature wall. It is desired
to make a similar comparison for the transient
case. For this, the transient equations are solved
assuming that the unknown wall temperature
is a function of time but not of position. Equa-
tions (19a) and (19b) are used with the substitu-
tion 8, = 0,(p/s and 0,, = 8,,(P)/S’ being
made. This procedure is analogous to the
determination of Uy used in the steady-state
solutions. The inverses are taken and the average
wall flux of the two streams equated. The values
of 8, are taken from the steady-state solutions
obtained using U;. The resulting equations arc

Fy(t) = Fy(0)

1 uo\?
= — + Z10
F, 2(1+ﬁ0>{1 +(u1>
+ i
fo-oei] ()]
1 1 1

dé,,
d¢

lt ‘L’—C_* -C*d@w,v
‘*B”(B) +<B )] a &
0
R =2 (i) - (2] e

- J [(r )4 (e o*] B 49,

= —j [-0*+@-0)—=Fd, =<1

-
N
|

aC T>1
t—1
20,(—B) | A\
T — T~
F,=4+—* "4
i+ [(F)
t— B
-\l de
3 r g
— ud B. 26
+(B>] dCdg, T> (26)
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The average wall heat flux is:

— 1
Qudt) = — 7;?

1 o\t N
J1E5) () e
0

T< B

awt(r - B) 1
Bt  Bnt

59 (P

t—B

= -2

X

t> B @7

The total average wall heat flux is
0,(t) = Quo + 0., where

— 2 1
=555,

To solve equation (26), d0,,,/d{ is approximated
by a difference. Solutions found from (24) and
(25) were then compared to those found from
the simpler (26) and (28). It is noted that the
solution using (26) is equivalent to using
U7 in the steady-state comparison.

(28)

DISCUSSION

The system is governed by the three para-
meters fBy, B, and B, since u;q/u; = (Bo/B)>
The only difference between g, and B is that
for By, u;, is used and for B, the new velocity
u, is used. B is the ratio of the new stream one
velocity to the unchanged velocity of stream two.

Some results for the case B, = 10, § = 1'1,
and B = 121 are shown in Fig. 6. This would
correspond to stream one and stream two
consisting of the same fluid initially at the same
velocities. At time T = 0, the velocity of stream
one is increased by 21 per cent. The average heat
flux between the two streams as a function of
time is shown. Results are presented for one.
two and three term expansions. The two and
three term expansions yield identical results for
the average wall heat flux to the accuracy of the
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graph. The results for all three expansions rise
to maxima before leveling out to a new steady
state. It is noted that the steady state which must
be approached is known « priori from the
steady-state numerical results presented above,
and is denoted by the dotted line labeled
“Steady state”. The values to which the one,
two and three term expansions converge are
denoted by dotted lineslabeled ‘oo’ The average
wall heat flux given by the two and three term
expansions proceed to the correct steady state;
that predicated by the one term expansion is
about 2 per cent high. The fact that the two and
three term expansions go to the correct steady
state gives further confidence in the method of
solution.

It is noted that the average wall heat flux can
be found in the limit as T — oo without solving
the transient equations as functions of t;
any number of terms in the expansion can be
used. In this way, the limit as 1 — co predicted
by the approximate transient equations can be
compared to the correct final steady-state
results before the numerical solution for all
7 is obtained ; this gives an « priori indication
of the error introduced by truncating the series
expansion at any length. To do this, the left-hand
side of equation (24) is calculated numerically
for T — oo. From equation (22a) it is seen that
the left-hand side of equation (24) is constant for
1 greater than one. The integrals on the right-
hand side of equation (24) can also be calculated
for t —» co by employing equations (22b) and
(22c) and assuming that dy,/dt, k =1, 2, ...,
approaches zero as t — . Therefore, the
values of Y, as T — oc can be found from the
solution of a set of linear algebraic equations.
Thus from equation (25) the average wall heat
flux can be obtained for 1 — co. Details can be
found in [14].

The one term expansion yields results which
are somewhat in error as shown by Fig. 6.
The same type of agreement was obtained in
comparisons of the one, two, and three term
expansions in other cases which are not shown
here. The results using a one term expansion
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are sufficiently accurate, however, to point out
qualitative trends in the transient behavior of
the countercurrent flows under consideration.
The use of a one term expansion in an extensive
study is necessitated by the amount of computer
time which is required for the longer expansions.

0644

™ Il {0)
2,3(®) /
LS'eody state
0636
S
0-628
0620}
o612 1 I I { |
o] 04 08 1-2 6 2.0

T

F1G. 6. Average wall heat flux, | = one term, 2 = two term,
3 = three term, i, = 10, = 1'1, B = 1-21.

The local wall temperature did not approxi-
mate the solution nearly as well as the average
flux. However, this is to be expected with an
approach of this type.

Figure 7 shows the effect of perturbing from
different initial conditions to the same final
condition. The fluids are taken to be the same
in both streams. It is seen that a longer time is
required to reach steady state if the initial con-
ditions are further away from the final steady
state. The time at which the maxima occur seems
to be independent of the initial steady state.

Figures 6 and 7show overshoots in the average
wall flux. It is not to be inferred that overshoots
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0452

0444

________ —p—————
L. Steady state
Ky 0436
0428r
— L 1 i |
04200 04 08 I-2 -6 2:0

T

Fi6. 7. Average wall heat flux, one term, 8 = 20, B = 40,

0648,

0640

0624

H L H 1 —
06165 o4 o8 73 3 70
T
F1G. 8. Average wail heat flux, one term, with varying B,

Bo = 10,8 = I'L.
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always occur. It was found that overshoots in
the magnitude of the flux only octur when B
is greater than one, i.e. when the final velocity
of stream one is greater than that of stream two.
If the velocity of stream one is decreased but is
still greater than stream two, undershoots will
occuf.

Figure 8 shows the variation of the average
wall flux for different values of B for the same
Bo and . It is noted that a longer time is re-
quired to reach the new steady state as B
increases from one, and that when Bequals one
the average flux reaches its new steady-state
value at t = 1. For B less than one, the flux
grows more slowly at small time but does not
requirealonger time toreachits finalsteady state.

To explain the overshoots physically, assume
that stream one is the cold fluid, that the velocity
of stream one is increased, and that B is greater
than one. Reference is made to Fig. 9.

i Cold stream Region I
- I
rt-iligh 1 lLow
|
Region IT Hot stream }

FiG. 9. Transient plug flow model.

Region I contains fluid of stream one present
before the velocity change in stream one. Region
[T contains fluid of stream two present before the
velocity change. In region I, the fluid of stream
one will be warmer than that present at the
final steady state, since it was initially moving
more slowly, and therefore, its temperature near
the wall will be closer to that of stream two.
The flux in region I relative to the final steady
state is therefore lower. In region I, the fluid of
stream two near the wall will be warmer than
that which will be there at the final steady state.
This is true since stream two was initially in
contact with a slower moving fluid. Therefore,
there will be a higher flux in region II relative
to that at the final steady state. Thus, if the
new velocity of stream one is faster than stream
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two, the effect of the high heat flux in region I1
can dominate over the low heat flux in region I
and the possibility of an overshoot in the average
wall heat flux arises. A similar argument can be
made for the case when the velocity of stream
one is decreased but is still greater than stream
two. Although this argument does not insurc
the existance of overshoots and undershoots.
it does show the possibility that they can occur

All maxima and minima occur before both
streams have made one pass, i.e. 7 less than B
The magnitude of the overshoots increases with
increasing values of B All major changes in the
average flux occur before both streams make one
pass and therefore this can be used to estimate
the duration of the transient behavior.

It is also of interest to compare the above
results with the transient heat flux which is
predicted if the wall temperature is assumed to
be independent of position but still a function of
time. This comparison between methods ol
predicting the transient behavior is analogous
to the comparison shown in Figs. 4 and 5
for the steady state. The heat flux predicted
from a solution of equation (26) and (27) is
shown in Fig. 10 for three initial conditions all
proceeding to the same final steady state. This
is to be compared to Fig. 7 which gives the
results for the same problem using a one term
expansion. It is noted that the fluxes in Figs. 7
and 10 do not proceed to the same final steady
state. This is to be expected since the steady-
state heat flux calculated assuming a constant
temperature wall does not agree with the results
using a variable temperature wall as shown in
Figs. 4 and 5. The maxima are somewhat less
pronounced in Fig. 10 than in Fig. 7; they occur
roughly at the same time. The time required to
reach steady state is also about the same. It is
seen then that if for mathematical simplicity
it is desired to model a transient countercurrent
heat exchanger using equations (26) and (27)
which assume a wall temperature independent
of position or, equivalently by using an overall
heat-transfercoefficient calculated fromequation
{1), that reasonable results would be obtained

P. F. TOMLAN and J. L. HUDSON

by multiplying the results by the appropriate
factor taken from Fig. 5.
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F1G. 10. Average wall heat flux, simplified model, § = 2-0,
B = 440.

REFERENCES

1. R.J. NUNGE and W. N. GiLL, Analysis of heat or mass
transfer in some countercurrent flows, Inr. J. Heat Mass
Transfer 8, 873 (1965).

2. R. J. NunGE and W. N, GILL, An analytical study of
laminar counterflow double-pipe heat exchangers,
ALCh.E.JI 12, 279 (1966).

3. R. P. Sten, Liquid metal heat transfer. Adv. Heat
Transf. 3, 101 (1966).

4, R.P. StEIN, Mathematical and practical aspects of heat
transfer in double pipe heat exchangers, in Proceedings
of the Third International Heat Transfer Conference.
Am. Inst, Chem. Engrs, New York (1966).

5. R. P. SteiN, Computational procedures for recent
analyses of counterflow heat exchangers, A.l.Ch.E. JI
12, 1217 (1966).

6. J. A. BLanco and W. N. GiLL, Andlysis of multistream
turbulent forced convection systems, Chem. Engng
Prog. Symp. Ser. 77 63, 66 (1967).

7. R. J. NUnGE, E. W. PorRTA and W. N. GiLL, Axial
conduction in the fluid streams of multistream heat
exchangers, Chem. Engng Prog. Symp. Ser. 77, 63,
80 (1967).

8. E.NL LicHreoor, Countercurrent heat or mass transfer
between a turbulent and a laminar stream, A.1.Ch.E. JI
8, 416 (1962).



9.

10.

11.

COUNTERCURRENT HEAT EXCHANGERS 1265

C. JubpsoN KING, Mass transfer during short surface
exposures in countercurrent flow, I/EC Fundamentals
4, 125 (1965).

R. P. StEIN, The Graetz problem in co-current flow
double pipe heat exchangers, presented at the Seventh
National Heat Transfer Conference, A.I.Ch.E.-
A.S.M.E,, Cleveland (August 1964).

R. P. StEIN, Heat transfer coefficients in liquid metal
co-current flow double pipe heat exchangers, presented
at the Seventh National Heat Transfer Conference,
A.L.Ch.E. AS.M.E.. Cleveland (August 1964),

12

13.

14.

P. S. LarsoN and W-J. YAaNG, Frequency responses
of multipass shell-and-tube type heat exchangers to
timewise-variant flow perturbations, presented at the
Seventh National Heat Transfer Conference, A.I.Ch.E.—
A.S.M.E., Cleveland (August 1964).

M. MasuBucHt, Dynamic response and control of
multipass heat exchangers, J. Bas. Engng 82, 51-65
(1960).

P. F. ToMLAN, Steady state and transient behavior of
countercurrent heat exchangers with short contact
time, M.S. Thesis, University of Illinois, Urbana (1967).

Résumé—Des solutions numériques sont obtenues pour le régime permanent et le comportement transitoire
dans des échangeurs de chaleur 4 contre courant. En régime permanent, deux profils de vitesse simplifiés
sont employés : écoulement en bloc et profil linéaire de vitesse. Les résultats sont comparés a la solutions
classique employant ’addition de résistances, ou I'on suppose que, soit la température pariétale, soit le
flux de chaleur pariétal est constant.

Le probléme transitoire résultant d’un changement de débit dans I'un des écoulements est résolu en
supposant I’écoulement en bloc et une approximation en série pour la température pariétale. Ceci est
comparé 4 un modéle simplifié employant une température pariétale moyenne indépendante de la position,
mais variant avec le temps. On trouve que des dépassements dans le flux pariétal moyen se produisent dans
les deux modéles lorsque le rapport de la vitesse de ’écoulement perturbé 4 la vitesse de I'autre écoulement

est supérieur a I'unité.

Zusammenfassung—Fiir das stationire und instationidre Verhalten von Gegenstrom-Wirmeiibertragern
mit kurzer Kontaktzeit werden numerische Losungen angegeben. Bei der stationiren Losung werden
zwei vereinfachte Geschwindigkeitsprofile verwendet : Kolbenstrémung und ein lineares Geschwindigkeits-
profil. Die Ergebnisse werden mit der klassischen Lésung verglichen, bei der von einer Addition von Wider-
stinden Gebrach gemacht wird, wobei entweder die Wantemperatur oder die Warmestromdichte an der
Wand als konstant vorausgesetz wird.

Das aus der Anderung einer der Mengenstrdme resultierende instationsire Probiem lasst sich 16sen, indem
Kolbenstrémung und eine Reiheapproximation fiir die Wandtemperatur angenommen wird.

Dieses Ergebnis wird mit einem vereinfachten Modell verglichen, bei dem eine zeitlich veranderliche aber
ortlich konstant Wandtemperatur vorgegeben wird.

Es wurde ein Uberschwingen der mittleren Wirmestromdichte an der Wand bei beiden Modellen fest-
gestellt, sobald das Geschwindigkeitsverhiltnis von gestértem zu ungestértem Strom den Wert eins

iibertraf.

Anvoranua—Illomyyuensl MHCIeHHBle pelleHMsd AJA CTALMOHAPHOTO U HECTAIMOHAPHOTO
PEHUMOB B NPOTHBOTOUHHIX TEINIOOOMEHHMKAX € KODOTKUM MepuofoM KoHtakra. Ilpu
pelIeHny NI CTAllHOHAPHOTO PeKUMA NCHOJIB30BAKCH IBa YIPOIIEHHble TPOPUITA CKOPOCTH :
NOPIIHEBOE TeUYeHUE M JMHEeNHBA NpoQuIL CKOPOCTH. Pe3yibTaThl CPABHMBAINCH C KIIACCH-
UeCKUM PpeIleHNeM CYMMHPOBAHMA COIPOTUBJIEHUN, B KOTOpOM Iub0 TeMIepaTypa CTeHKH,
160 TEIIOBOM MOTOK HA Helt MPUHUMAKTCH MOCTOAHHBIMH.

OcHOBHBAACH HA JIONYIEHUH O IOPIIHEBOM TEYEHHM M MCHOJL3YA ANNMPOKCHMALMIO [JIA
TEMIIEpPaTyPEl CTEHKH, NOJNY4Y€HO PellleHne 3aauu JJIA IePeX0JHOTO PeKUMa, BO3SHIKAIOLIEro
NpY N3MEHEHUN PACXOHa MUJKOCTH B OAHOM M3 ITOTOKOB.

PesynbTaThl CPABHABAIOTCA C yIPOIIEHHON MOLENBIO, TE MCIOJBSYETCA CPEIHAN TeMIepa-
TyPa CTEHKU, U3MEHABIIASACA BO BPEMEHH, HO He 3aBUCAIIAA OT MoxomeHnA. OGHAPYHeHBI
peésrue CKaYyKku CpefHero TeWJIOBOrO MOTOKA HA CTeHKe B 00EMX MOJENAX, KOTJA OTHOLIEHHUE

CKOPOCTH M3MEHAEMOr0 MOTOKA K CKOPOCTH JAPYroro NMOTOKA GOibUe eMHMIIHL.



